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Aluminium foams obtained by injecting a gas into the liquid metal are prone to localization
of strain and damage. Under compression, crushing bands form, multiply and propagate
through the whole sample. A continuum model based on a compressible plasticity
framework is presented that is suitable for the simulation of such strain localization bands.
The importance of accounting for strain localization phenomena in structural computations
is illustrated by finite element simulations of the compression of cube and tapered
specimens, and of an indentation test. A regularization procedure is proposed to obtain
mesh–independent results. C© 2005 Springer Science + Business Media, Inc.

1. Introduction
Aluminium foams exhibit attractive energy–absorption
properties, especially in combination with metal struc-
tures. In the case of aluminium foams under compres-
sion, the underlying deformation or/and failure mecha-
nism is the localization of strain or/and damage inside
thin bands that form, multiply and propagate through-
out the whole sample [1]. The intrinsic behaviour of
metallic foams cannot be deduced directly from the
overall load/displacement curve, as advocated in [2].
Instead, it is essential to take strain localization phe-
nomena into account in the constitutive modelling. Ef-
ficient numerical methods are necessary to perform
structural computations on engineering components
like crash boxes for automotive industry. Accordingly,
continuum models are still needed for such applica-
tions in order to avoid a detailed description of each
individual cell. Simple compressible plasticity models
are available, initially developed for powder metallurgy
applications or more generally the mechanics of porous
media [3]. One of the most simple models, based on a
so–called elliptic yield criterion was applied to metallic
foams in the references [4–7]. An evaluation of such
continuum models for structural computations can be
found in [8].

∗Author to whom all correspondence should be addressed.

A first attempt to incorporate strain localization ef-
fects in such models was proposed in [4] by including
explicitly into the constitutive equations the existence
of a peak stress followed by a short softening regime
systematically observed in the compression curves of
aluminium foams. The introduction of softening in a
constitutive model leads to possible loss of ellipticity
of the set of partial differential equations to be solved
in structural computations [9]. It leads to the forma-
tion of strain localization bands after the peak stress.
This strategy is further developed in the present work
and illustrated in the case of structural computations
(compression of tapered specimens and indentation).
Metallic foams are strongly heterogeneous materials.
The inhomogeneous distribution of porosity plays a sig-
nificant role to trigger strain localization phenomena in
foam structures, as already recognized in [10]. This
information can be incorporated to simulate more re-
alistic strain localization patterns in aluminium foams.
This is done in Section 3.1 in a simple 2D case.

It is well–known that finite element simulations
based on strain–softening models are associated with
spurious mesh dependence of the results: The finer
the mesh, the thinner the strain localization bands
[11, 12]. The overall load–displacement curve also is
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mesh–dependent. In the case of aluminium, the thick-
ness of strain/damage localization bands is directly re-
lated to the size of the cells. In Section 4, an enhanced
continuum framework is proposed to include an intrin-
sic length scale into the model and to obtain mesh–
independent simulation results.

Standard index notations are used for tensors
throughout the text. The numerical and experimental
results given in this work were obtained with an alu-
minium foam having an overall density of 0.26g.cm−3,
which corresponds to an initial porosity f = 0.90. It
was supplied by Hydro Aluminium [13].

2. Compressible plasticity model
for aluminium foams

2.1. Constitutive equations and bifurcation
analysis

One of the most simple yield functions for compressible
elastoplastic materials is the elliptic potential defined
by the following yield function

g(σi j ) = σeq − R, σ 2
eq = 3

2
Cσ dev

i j σ dev
i j + F(σi i )

2

(1)

where C and F are material parameters, depending on
material porosity f, and R the hardening function. The
trace of stress tensor σi j is given by σi i with summation
over repeated indices. The deviatoric part of the stress
tensor is denoted by σ dev

i j . The tensor giving at each
instant the direction of plastic flow ε̇

p
i j is

Ni j = ∂g

∂σi j
= 1

σeq

(
3

2
Cσ dev

i j + F(σkk)δi j

)
,

and ε̇
p
i j = ṗ Ni j (2)

according to the normality rule adopted here for sim-
plicity. δi j is the Kronecker symbol. The plastic mul-
tiplier is ṗ. The hardening function R = R0 + H p
(with R0 = 200 MPa and H = 10 MPa) corresponds
to the estimated intrinsic behaviour of the aluminium
composite present in the cell walls. The parameters C
and F are explicit functions of the porosity f . These
functions are piece–wise linear functions of porosity
calibrated from the initial peak stress and following
minimal stress level.

In the special case of tension/compression in direc-
tion 2, the direction of plastic flow becomes

[N ] = sign σ22√
C + F




F − C

2
0 0

0 C + F 0

0 0 F − C

2


 (3)

It can be seen that for F = 0, classical von Mises
incompressible plasticity is retrieved. The special case
F = C/2 is associated with no lateral plastic flow
in tension/compression. This is a simplification often
used for the modeling of the deformation of aluminium
foams. One justification is the orientation of strain lo-

calization bands obtained for such a value of F pre-
dicted in the next paragraph and compared with exper-
imental observations. Values of F different from C/2
are found in [5, 7]. They are deduced from the shape
of the yield surface under multiaxial loading. However,
we will keep this simplified model for the simulation
of strain localization phenomena in aluminium foams.
These differences suggest that non–associative plastic-
ity models may well be necessary for a complete mod-
eling of deformation and localization modes in metal
foams.

The bifurcation analysis performed in [14] and re-
called in [12] for general non–associative and com-
pressible elastoplasticity is applied here to the elliptic
potential (1). The objective is to determine the orien-
tation of possible strain localization bands that can be
deduced from Rice’s criterion of loss of ellipticity in
elastoplastic solids [9]. Under plane stress conditions,
the orientation of the first possible localization band is
given by:

n2
1 = 2

3C

(
C

2
− F

)
, n2

2 = 1 − n2
1, n3 = 0 (4)

where ni is the unit vector normal to the strain local-
ization band. If F = 0, the classical orientation of
shear bands at 55◦ from the loading axis is recovered
(plane stress case). If F = C/2, it can be seen that
n1 = 0, n2 = 1. It can be shown that it corresponds to
an horizontal strain localization band with an opening
mode [12]. This ideal orientation of strain localization
bands is in accordance with the quasi–horizontal crush-
ing bands frequently observed in aluminum foams un-
der compression, for instance in [1, 4]. In contrast, more
inclined bands usually form in compressed samples of
rocks and soils.

2.2. Material parameter identification
procedure

The mechanical properties of aluminum foams ob-
tained by injecting gas directly into the liquid metal
is investigated in detail in [13]. It turns out that such
foams are unable to deform in an homogeneous way
during compression. Instead, the short elastic regime
is followed by the formation of intense strain localiza-
tion bands that propagate through the whole specimen.
It has already be mentioned that the bands are quasi–
horizontal under compressive loading. The formation
of the bands is associated with load drops on the overall
load/displacement curves and their multiplication and
propagation are responsible for the observed plateau.
The final stage is densification leading to a sharp in-
crease of the load at the end of the localization process.
The horizontal orientation of the bands corresponds to
the relation F = C/2 between the material parameters
involved in the yield function (1).

The formation of the first localization band is as-
sociated with an initial peak systematically observed
on the overall curve of Fig. 1a. The introduction of
this first peak followed by a short softening regime into
the constitutive behavior by an appropriate dependency
of the parameters C and F on porosity f triggers the
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Figure 1 Finite element simulation of the compression of an aluminium foam block: (a) comparison of the computed overall load/displacement
curve with experimental results, (b) formation of strain localization bands. The black color corresponds to axial deformation |ε22| > 0.55 and the
white color to |ε22| < 0.02.

formation of the first localization band starting from an
initial defect of heterogeneity. Densification then takes
place inside the band, so that localization will occur
again close to the band or at another location. This
results in serrations on the simulated overall curve of
Fig. 1a. This model was first proposed for metal foams
in [4]. The explicit function of the parameters C,F on
porosity that makes it possible to incorporate the peak
into the constitutive models is reported in [13]. The for-
mation of horizontal crushing bands in a compressed
foam block can be seen in the finite element simulation
of Fig. 1b. Comparison of the overall load/displacement
curve with experimental results on Fig. 1a shows that
the model accounts qualitatively for the observed ser-
rations but not for the apparent hardening prior to den-
sification.

3. Simulation of strain localization
phenomena in aluminium foams

3.1. Simulation of compression tests
starting from 2D tomographic images

Starting from a homogeneous initial porosity field and
some initial material imperfections triggering localiza-

tion, as done in Fig. 1, is not sufficient to account for
the slight apparent hardening observed on the exper-
imental load/displacement curve. This is due to the
tremendous heterogeneity of the initial porosity field
induced by the foaming process, as shown on the view
of Fig. 2a obtained by X-ray tomography. The mean cell
size is 2.4 mm but the sample contains much smaller
and much larger cells. Efficient simulations of compo-
nents made of aluminum foams require a continuum
plasticity model that cannot account for the detailed
distribution of large and small cells. Instead, it is pro-
posed to replace the exact aluminum/air distribution by
a smeared out porosity field. This is done by attributing
to each material point of the image the mean density
over a window of given size centered at this point. Such
a smeared out porosity field is shown on Fig. 2b and
used to initialize the finite element model of Fig. 2c.
The size of the averaging box for the local density field
is a critical value of the model. It is chosen here such
that the porosity range is included in the set of overall
porosity values investigated during a large scale cam-
paign of compression tests [13]. It means that for all
porosity values on the map of Fig. 2c, we can associate
the compression curve of a 100 mm×100 mm×100 mm
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Figure 2 Compression of a slice of aluminium foam: (a) slice extracted from the X-ray tomography of a foam block (image size 50 mm×50 mm),
(b) continuous porosity field deduced from the previous image by averaging over a moving window, (c) porosity map in a finite element mesh
superimposed on the previous image (the gray scale indicates the porosity range f); axial strain field |ε22| during compression of the 2D foam block
(color scale: white |ε22| < 0.1, black and gray |ε22| > 0.5).

sample having almost the same density. This behaviour
is attributed to the corresponding integration point in
the finite element analysis, including a function repre-
senting the peak stress and subsequent softening. The
investigated porosity range is 0.61 < f < 0.98. The
image of Fig. 2a is a square of 398×398 pixels. The
chosen averaging domain is 90×90 square and contains
therefore about 5×5 cells.

The simulation of the compression of the sample then
results in a complex distribution of strain localization
bands that correctly mimic the experimental deforma-
tion process (Fig. 2). Plastic deformation starts at the
large central porosity. The apparent hardening on the
overall load/displacement curve is then due to the suc-
cessive crushing of zones of increasing local density
inside the heterogeneous material. A comparison of
the local deformation mechanisms with in situ X-ray
tomography was possible on this sample. The strain lo-
calization bands predicted by the model are not located
at the same place as the observed ones. This is probably
due to the 3D character of the actual deformation of the

sample that cannot be accounted for using the present
2D analysis.

The same local averaging procedure was used in [10]
in the 3D case for Alulight foams. But there, the sim-
ulated strain heterogeneities results only from the het-
erogeneity of porosity distribution. In our work, strain
localization is more severe because of the explicit intro-
duction of strain softening after the initial peak. This
gives rise to serrations on the overall curve not ac-
counted for in [10].

3.2. Compression of prismatic samples
and indentation

The simulation of such strain localization phenomena
is necessary to predict the response of actual compo-
nents made of metal foams to impacts for instance.
This can be illustrated by structural tests and compu-
tations. The first one is a compression test on tapered
aluminium foam specimens, as proposed in [2]. Finite
element simulations of the compression of 75◦ tapered
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Figure 3 Finite element analyzes of the compression of tapered compression specimens made of aluminium foam: (a) deformed state from a
simulation with a compressible plasticity model without taking strain localization into account (white |ε22| < 0.02, black |ε22| > 0.3), (b) deformed
state from a simulation of the strain localization zone (white |ε22| < 0.02, black |ε22| > 0.5).

foam blocks were performed with the proposed elliptic
model. Two types of simulations are presented. In the
first one, the peak stress followed by strain softening is
removed from the model. The second type corresponds
to the model proposed for the simulation of strain lo-
calization, namely that used in Section 2.2, including
the peak stress followed by softening. Fig. 3 shows
that the plastic zone in the sample is much larger for
the first model type (Fig. 3a) than for the second one
(Fig. 3b). The latter simulation is in good agreement
with the final shape of the sample found experimentally
in [2].

Similarly, the size of the plastic zone under a cylin-
drical indentor is largely overestimated when the inden-
tation process is simulated using an elliptic model that
does not take the existence of the peak stress and sub-
sequent softening into account. In contrast, the model
proposed in this work predicts a confined and highly
deformed plastic zone shown on Fig. 4. Local frac-
ture induced by severe shear at the boundary of the
indented surface are not accounted for in the present
formulation.

4. Regularization of the compressible
plasticity model

In all previous simulations, a fixed finite element mesh
size was chosen, approximately equal to twice the mean
cell size. The reason is that the thickness of the sim-
ulated strain localization bands is always equal to the

thickness of one row of integration points (here half an
element since each quadratic element contains 4 inte-
gration points, cf. Fig. 1a). The mesh dependency of fi-
nite element simulations of strain localization phenom-
ena in softening elastoplasticity is well–known [11]. To
get rid of this numerical bias, it is necessary to introduce
a characteristic length into the constitutive framework.
For that purpose strain gradient models have been pro-
posed to handle strain localization phenomena in com-
pressible elastoplastic solids by [15, 16] for instance. A
first application to foams was proposed in [17] to model
size effects in foam–filled sandwich plates. A similar
model based on the so–called micromorphic theory is
presented here and applied to the formation of local-
ization bands during the compression of aluminium
foams.

4.1. Presentation of the micromorphic
foam model

One of the most general higher order continuum is the
micromorphic medium that adds to the displacement
degrees of freedom ui a full, non–symmetric, so–called
micro–deformation tensor χi j . The reader is referred to
the references [18, 12] for a detailed presentation of
the micromorphic continuum. We specialize it here to
elliptic elastoplasticity. If χi j reduces to a pure rotation,
the considered material is called a Cosserat medium.
In the case of strain localization in cellular solids, the
regularizing capabilities of the Cosserat continuum is

Figure 4 Indentation of a foam block by a rigid cylinder: (a) experiment, (b) finite element simulation taking strain localization under the indentor
into account (porosity field: black f < 0.85, white f > 0.90).
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not sufficient because foam deformation is also driven
by volume changes not affected by the Cosserat theory.
If one introduces the constraint that χi j be equal to the
gradient of the displacement field, the theory reduces
to a second gradient model. Three deformation tensors
can be defined:

εi j = 1

2
(ui, j + u j,i ), ei j = ui, j − χi j ,

Ki jk = χi j,k (5)

i.e. the strain, relative deformation and micro–
deformation gradient tensors. The comma denotes dif-
ferentiation with respect to the corresponding coor-
dinate. Three generalized stress tensors must be in-
troduced: the symmetric stress tensor σi j , the relative
stress tensor si j and a third order stress tensor Mi jk .
They must fulfill the balance of momentum and bal-
ance of moment of momentum equations:

(σi j + si j ), j = 0, Mi jk,k + si j = 0 (6)

Only the symmetric strain tensor εi j is split into elastic
and plastic parts for the sake of simplicity. The same
yield function (1) is kept. The classical constitutive
framework presented in Section 2.1 is supplemented
by two linear constitutive equations:

si j = 2αei j , Mi jk = A Ki jk (7)

with two additional parameters α and A which must
be seen as secant elastoplastic moduli. When it is suffi-
ciently high, parameter α can be regarded as a penalty
factor that forces ei j to remain small, i.e. that forces the
micromorphic theory to remain close to a second gra-
dient one. Parameter A has the dimension MPa.mm2.
In the next section, it is shown that this parameter is
directly related to the thickness of strain localization
bands.

4.2. Localization analysis
A micromorphic compressible elastoplastic material is
considered, that admits a simple linear softening rule
(H < 0):

R = R0 + H p

and an elliptic yield function (1). The choice F = C/2
(and also a vanishing Poisson ratio to simplify the
analytical derivation) ensures that no lateral defor-
mation takes place and that strain localization bands
are horizontal according to the standard bifurcation
analysis of Section 2.1. The problem becomes actu-
ally one–dimensional so that an analytical solution of
the localization problem can be worked out for ten-
sion/compression along direction 2:

σeq = √
C + F |σ22|, ε̇

p
22 = ṗ

√
C + F,

ṗ = 2µ
√

C + F

2µ(C + F) + H
ε̇22 (8)

where µ is the shear modulus. For monotonous loading,
in the plastic regime, one gets:

p = 2µ
√

C + F

2µ(C + F) + H

(
ε22 − R0

2µ
√

C + F

)
(9)

The balance equations (6) for stresses and the elasticity
relations (7) must be taken into account:

(σ22 + s22),2 = 0, M222,2 + s22 = 0

σ22 = 2µ(ε22 − ε
p
22) = 2µ

2µ(C + F) + H

(Hε22 + R0

√
C + F), (10)

s22 = 2µ(ε22 − χ22), M222 = Aχ22,2

where α = µ is assumed for simplicity. A system of
equations is obtained for the two unknowns (ε22, χ22):

{
H̄ε22,2 + 2µ(ε22,2 − χ22,2) = 0
Aχ22,22 + 2µ(ε22 − χ22) = 0

where H̄ = 2µH/(2µ(C + F) + H ) (11)

The micro–deformation χ22 is then solution of equa-
tion

χ22,222 − 2µH̄

A(H̄ + 2µ)
χ22,2 = 0 (12)

It appears that, when H is negative, the solution is
sinusoidal with the wave length:

1/ω = 1/

√
2µ|H̄ |

A(H̄ + 2µ)
(13)

The strain localization band with indeterminate size
predicted by the localization analysis of the classical
model is therefore replaced by a strain localization zone
of finite width. The localization zone is an arc of sinus
curve for this simple model. Additional boundary con-
ditions are necessary to solve actually the differential
equations. They concern the components ui , χi j or the
dual forces (σi j + si j )n j , Si jknk . In the present case the
additional condition Si jknk = 0 is enforced on lateral
free surfaces. At the ends y = 0, L (L height of the
block), this condition is used also but it does not have
any impact on the solution since the fields are almost
homogeneous near these points, so that no micromor-
phic effect is possible. The micromorphic model was
implemented in a finite element program. Fig. 5a shows
that mesh refinement leads to a converged deformation
zone of finite size. It has the sinusoidal character pre-
dicted by the analytical model as shown in Fig. 5b.
The details of the implementation are given in [12].
Standard quadratic elements with complete or reduced
integration can still be used for this type of contin-
uum. The only difference is the number of degrees of
freedom per node: 2 displacement components and 4
components of χi j , in the two-dimensional case. It is
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Figure 5 Finite element analysis of a homogeneous foam block with a
central initial defect under uniaxial compression using the micromorphic
foam model: (a) influence of mesh refinement on strain localization, (b)
comparison between the FE and analytical solutions. The cumulative
plastic strain p is plotted against the axial coordinate y.

therefore a good candidate for the regularization of the
simulations shown in Section 3.

5. Conclusions
A general continuum framework was presented to
simulate strain localization phenomena in aluminium
foams based on three main ingredients:

(1) A compressible plasticity model based on the el-
liptic potential. A peak stress followed by a softening
regime are introduced in the functional dependence of
the material parameters C and F in order to trigger the
formation of quasi–horizontal strain localization bands.
This model feature leads to the formation, multiplica-
tion and propagation of crushing bands in qualitative
agreement with experiment. When applied to simple
structures like tapered compression specimens and in-

dented blocks, it leads to the development of strongly
localized deformation zones as observed experimen-
tally.

(2) Non homogeneous initial porosity maps, deduced
from tomographic images. Porosity heterogeneities are
responsible for the initiation of the first strain bands and
for the deviation of propagating bands. Higher local
densities lead to an apparent hardening of the overall
load/displacement curves.

(3) A regularization procedure incorporating an in-
trinsic length scale into the continuum modeling. A
simple micromorphic continuum model was proposed
that requires only 2 additional constants. One of them
was directly related to the initial thickness of crushing
bands. One advantage of the model is the simplicity
of its finite element implementation in comparison to
other available strain gradient models [19].

Clear relationships between the additional degrees
of freedom of the micromorphic foam model and the
deformation of individual cells remain to be estab-
lished. This should be done by comparing 3D X-ray
tomography images of available in situ tests and full
3D computations with the micromorphic foam model
and corresponding continuized porosity maps. In par-
ticular, the averaging window size for porosity fields
should be carefully related to the introduced intrin-
sic length scales. Available 3D meshing techniques can
now be used to discretize all the heterogeneities present
in a given small volume of material analyzed by X-ray
tomography, as proposed in [20]. Such unit cell com-
putations can be used to calibrate regularized contin-
uum models, that are necessary for computing larger
structures. Other applications of the micromorphic ap-
proach to the deformation and fractures of metal foams
are proposed in [21].
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